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Abstract
Uncertainty about the precise quantitative effect of policy is endemic in economics. In a classic
paper, Brainard showed that in the face of multiplier uncertainty in a static model that optimal

policy is relatively conservative. | extend this work to a dynamic model and in the most simple
case derive the classic partial adjustment model as the optimal response to shocks.
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It is a commonplace that in the face of uncertainty, policy should be applied cautiously.
“Cautiously” is at times interpreted as meaning that policy should be applied gradually. By
extending Brainard’s classic analysis to a dynamic setting we see in this paper that this is

sometimes precisely the right advice.

Over 35 years ago William Brainard (Brainard, 1967) showed that when a policy
multiplier is uncertain, one ought to aim to reach only part of the way toward the desired target,
and that the optimal policy itself is applied more modestly than would be true under certainty
equivalence. Operating in a static model Brainard cautioned “The gap [between optimal and
certainty equivalence] in this context is not the difference between what policy was ‘last period’
and what would be required to make the expected value of [the target variable equal to the
target.” (p. 415) Cautionary advice notwithstanding, Brainard’s work is frequently offered as an
informal justification for gradual adjustment. In a dynamic model this can be justified
rigorously.! Indeed, the primary contribution of this paper is to show that under a particular,

reasonable specification, the optimal policy is to follow the classic partial adjustment model.?

Partial adjustment models have proven extraordinarily useful in empirical work and
uncertainty as to the precise quantitative effect of manipulating a policy variable is endemic.
While there is nothing in either Brainard’s analysis or the present one which limits its
applicability to a specific branch of economics, both Brainard’s and recent work have been

motivated by monetary policy concerns. Fischer and Cooper (1973) show that in a dynamic

! A point presaged perhaps by Kane’s commentary on the original presentation at the 1966 annual
meetings, “As useful as this prospective should prove to be...it will be necessary to extend the Brainard
model to dynamic situations.” (Kane 1967, p 432.)

2| start from a general model which gives a form of gradual adjustment, but in which classic partial
adjustment is not the optimal solution. I then show the special assumptions needed for the classic partial
adjustment model to apply exactly. The contrast may illustrate why partial adjustment is a useful
approximation in some situations and not in others.
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model with multiplier uncertainty, certainty equivalence policy is not optimal and that increased
multiplier uncertainty argues for more cautious policy. (See also Cooper and Fischer, 1974.)
Henderson and Turnovsky (1972) show that in a model in which quadratic adjustment costs for
changes in the policy instrument lead to a partial adjustment model, increased multiplier
uncertainty slows the rate of adjustment (although absent adjustment costs multiplier uncertainty
does not generate partial adjustment.) Chow (1975) presents a general analysis of dynamic
systems under uncertainty. Craine (1979) analyzes a problem very similar to the one presented

below.

A number of recent papers have emphasized the theoretical and practical importance of
gradual response in the context of interest rate smoothing by the Federal Reserve when
implementing a modified Taylor rule, although these models do not develop the classic partial
adjustment model. Clarida, Gali, and Gertler (2000) emphasizes the empirical importance of
including a lagged interest rate in a monetary policy rule. Sack (2000) gives analytic results in a
VAR context and uses numerical methods to provide empirical evidence that multiplier
uncertainty matters considerably. Rudebusch (2001) applied numerical methods to a model of
Fed interest rate smoothing, finding that uncertainty (at least as measured by estimated standard
errors) is not very important. Wieland (2000, 2002) looks at parameter uncertainty that he then
endogenizes, that is to say he then looks at the issue of learning and experimentation. See also

Sack and Wieland (2000) and Svensson (1999).

l. The Static Brainard Model

I begin with a static Brainard model, both as a reminder of the classic result and to set out

the basic mathematical structure of the model. In a static world one can write



y=/[X+U (1.1)
where y is the outcome, X is the policy instrument, £ is the policy multiplier distributed
(B.07}), and u is a shock distributed (T, o;? ) , where both distributions are conditional on

available information.

The objective function to be minimized is
L=E[%(y—y*)z} (1.2)
One solves by setting the derivative w.r.t to the policy variable x equal to zero.
0=E|(Bx+u-y')B|=xE[ B ]+E[up]-Y E[A] (1.3)

Two simplifications can be applied to equation (1.3). First, use the fact from statistics
that E [,82] = f? +af,. Second, it is convenient and usually reasonable to assume that # and u
are uncorrelated, in which case E[uf]=E[u]E[]. Using these simplifications the optimal
policy is given in equation (1.4).

*

x:_’B2 'y:U
ﬂ2+0'§ p (L.4)
y-u ,_ B '
X=A —= ,/1=52+02
i

Equation (1.4) presents Brainard’s classic result: optimal policy is a multiple 4,

0< A1 <1, of the certainty equivalence policy (y* —U)/ﬁ . When there is no multiplier

uncertainty, a; — 0= 1 —>1, the certainty equivalence policy is optimal. The greater the



uncertainty about the multiplier, scaled by its mean, the more “cautious” policy should be in the

sense that the optimal policy moves toward zero.

Multiplier uncertainty arises for several reasons. Parameters are subject to estimation
uncertainty, parameters evolve over time, and probably of greatest importance the “true” model
is itself uncertain. One suspects that this last is the greatest source of uncertainty. But to illustrate

that multiplier uncertainty can be an important practical issue, consider estimation uncertainty

alone. Note that the ratio £ / o, Is “the t-statistic” from an econometric estimate. So that were

estimation uncertainty the only issue, a t- of 2.0 would imply 4 =0.8 in equation (1.4).

In the static world described by equation (1.1) “cautious” does not imply any sort of
gradual adjustment.® There is no temporal linkage between periods. If the effect of policy is very
uncertain, then it is optimal to use very little policy in the sense that optimal X is close to zero.
However, there is no sense in which one takes small steps. Equation (1.4) calls for a policy
response which may be small, but which is complete in the current period. In the next section |
turn to a model in which there are temporal linkages and where optimal policy does result in

gradual adjustment.

I Dynamic Model Under Multiplier Uncertainty

In order for there to be persistence in policy response there needs to be persistence in the

effect of policy. | make the model dynamic by allowing the change in y to be moved by both

shocks and policy. In addition, I allow the policy multiplier to vary by period. In order to

® As Clarida, Gali, and Gertler (1999, page 1689) point out in reference to optimal interest rate rules,
“...parameter uncertainty...may explain why ... coefficients... are small relative to the case of certainty
equivalence. But it does not explain...partial adjustment.”
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illustrate why specific assumptions are needed to derive the partial adjustment model, | start by
solving a more general model in a finite horizon. | then give a formal derivation of the partial
adjustment model with the required specialized assumptions by solving an infinite horizon

dynamic program. The structural model is now
Y. = Yo+ BX +U, (2.1)

where | assume that vy, , is in the information set. The shock is composed of an anticipated part
and a surprise, u, = U, +0,, where | use the prescript notation U, to indicate the expectation of
u, formed at time 7. The variances of the two parts are o2 and o respectively, and the

anticipated shock and surprise are of course uncorrelated.

Let the intertemporal loss function be

(2.2)

One wants to distinguish persistence due to multiplier uncertainty from the direct effect

of the persistence in y due to building lagged y into the unit root specification in equation (2.1).

Initially, consider the case where £, is certain but u, is random. Optimal policy is
% =(Y =Y. - tUt)/ﬁt , which plugging back into equation (2.1) gives realized v, .
Yy = y*+ut_tUt (2.3)

Lagging realized y, one period and inserting back in the expression for X, gives us the

optimal policy under multiplier certainty



Xtc :_Eil-(tat +(ut—1_t—1Ut—1)) (2.4)

Under multiplier certainty optimal policy responds fully to the expected part of the
contemporaneous shock plus the unexpected part of the previous period’s shock. The latter term

in the optimal policy occurs because knowledge of y, , allows for correction of the previous

period’s error.

Note that u, — U, =0, is an expectational error, and therefore serially uncorrelated, and

more generally uncorrelated with any information available at the time the expectation was

formed. Despite the unit root process in the structural equation, realized vy, , as given in equation
(2.3), shows no persistence. Similarly, so long as .U, is serially uncorrelated optimal policy

under multiplier certainty will be uncorrelated as well. So it should be clear that the unit root in

the structural equation is not a propagation source of persistence.

Now introduce multiplier uncertainty into the dynamic model. Suppose that £, = 8 + ¢,
where &, ~ (0,02). | assume that the distribution of ¢ is ergodic and will assume shortly that the

¢ are i.i.d. I also make explicit the assumption that y_, is in the information set iff t >z -1 and

assume that u and ¢ are independent at all leads and lags.

T 2 1 '

Optimal period T policy is



* T n2
X, 1. y yT;l TUr A= _2:8 . (2.6)
p +0y

It is useful to define the expected deviation of y from target in the absence of policy as

Y. =Y.+ .U, —Y .One can then write the realized deviation of y from target as
yt_y*: Yo+ fiX + U — 0.

Given the policy in equation (2.6) the deviation of realized y, from target is
M A _
Yr =Y =¥ (l_FﬂTj-'_(uT_TuT) (2.7)

In period T —1 the decision-maker faces the problem minE[p¢; +¢;_,], where the

expectation operator E[ ] refers to the expectation taken at time T —1. The first partial of this

objective function, using the independence of u and ¢, is

X, E [pﬂTZ—l (1_%ﬂT j + /3T2—1] +

o A Y
EI:yT—2+uT—l+TuT -y ]'p'E{ﬂT_l(l_?ﬁTj }"' (2.8)

_ A
E[UT - TUT]',D' E[ﬂT—l(l_ﬁﬂT J}"’
E[yro+Urs =y |E[54]
A general solution to (2.8) involves high-order cross moments of ¢. A paragraph hence |

impose the assumption that the ¢ are i.i.d. Consider for a moment the more general case. The

only situation in which there is not some generic form of gradual adjustment is if the response of

X, to E[ny2 +U;, + U — y*] is 1/ 8. As an example, suppose that 2. and £, are perfectly
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correlated. The term multiplying x; , involves the second, third, and fourth central moments of
£ . The next term involves the first, second, and third central moments. The solution is untidy

and does not equal 1/ 3 4 So the finding of lagged adjustment is quite general.’
The generic point about gradual adjustment doesn’t depend on the assumption of i.i.d.

errors, but the specific solution certainly does. Now assume that the & are i.i.d.® In order to

simplify equation (2.8) a few reminders about statistical algebra are helpful. First, by the law of

iterated expectations E[u; —;U; | = ;,U; —;T; =0, eliminating the third term. Second, the

expectation of the square of a random variable equals the square of the expectation plus the

2
variance, so with a little algebra E{(l%,&}j ] =(1-2). A third useful rule is that expectation
of the product of independent random variables is the product of the expectations. For example,
2 2
2 A 2 A . :
E| B2, 1—;@ =E[ 5, E 1—;@ because ¢ and &, are independent. Using
these three rules equation (2.8) simplifies to

xH[p(Bz +o*§)(l—/1)+(32+02)]+
EI:yT—Z +rgUr g+ Ur —y*]-pﬁ(l—i)+ (2.9)

EI:yT—Z + T—lUT—l - y*]ﬂ

*"If one runs the problem back to period T —2 the analogous first-order condition runs to sixth moments,
remains untidy, and still shows gradual adjustment, but the adjustment coefficients may be nonergodic
— varying with time remaining to the terminal date.

® However, remember that endogenous learning isn’t being considered. If learning is important, a policy
maker may engage in “excess adjustment” in order to produce better data with which to reduce future
uncertainty. See Wieland (2000) for an example.

® This is the same assumption made in Craine (1979). Quite clearly, there are situations in which
independence is a good assumption and other situations in which it is not. In the latter case, uncertainty
might not be a very good justification for assuming a simple partial adjustment mechanism.
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Solving for optimal policy in period T —1 gives

A Y Yo~ 1aUry -A- T*LUT . (1_/1)'0 (2.10)
B B (1-2)p+1

According to equation (2.10), under uncertainty policy in period T —1 adjusts partially to
shocks in period T —1. Specifically, the first term is A times the certainty equivalence policy. In

addition, policy partially anticipates shocks in period T as seen in the response to . ,U; . But

note that under certainty, A =1, policy does not anticipate future shocks. This is because the
shock can be dealt with when it actually arrives. Also note that the discount rate matters only if

the shocks are predictable a period in advance.’
The results for periods T and T —1 are generalized in the following lemma:
Lemma: If the shocks u, are i.i.d.® then the policy rule is

y*_yt—l_tﬁt
X =42 (2.11)
s

Proof: Set this up as an infinite horizon stochastic dynamic programming problem.

Define the optimal program
V(9)=minE (Y- y*) +PE (V (%)) (2.12)

As a prescient guess, suppose the value function can be written®

’ The assumed independence of the & and the quadratic form of the loss function also contribute to the
discount rate dropping out of the solution.

® Note that the second term in equation (2.10) drops out because . T, =0.

T-1°7
® To verify that this is the proper value function, solve the optimization, insert equation (2.13) into

equation (2.12) and show that the latter is indeed a valid equation. (Or see the appendix available from
the author.)



~2 2 1% 2
{(1—/1)-yt +1—p'a” +l_p-(1—/1)-au} (2.13)

In evaluating V ( ¥,,,) make use of the substitution §,, = ¥, + B +U, — 0, + ., T,,,.

t+1

Noting that both dy, /ox, = B, and &¥,.,/0x, = /3, , the first order condition for the

dynamic program is
N _ 1 -
0=E ((¥, +Bx+u—0)B)+pE, (m'(l—ﬂ)%mﬂt] (2.14)

Substituting for ¥,,, one can re-write the first order condition as

0= Et [(yt +ﬂtxt +U, - tUt)ﬁt (1"':0%]4’ t+lUt+l :Bt (p%j] (2-15)

and, since U, ,,

=0 the optimal policy is
XIZ/Iy _ytl_tut (2.16)

B

proving the lemma.

Deviations from target under optimal policy are
o A _
Ye Y :yt[l_ﬂt§:|+(ut_tut) (2.17)
and realized y obeys the process

Y, =(yt_1+tm>{1—ﬁ;%}+(ut—tm)wt%y* (2.18)
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In one sense the key to understanding why uncertainty leads to partial adjustment is
seeing that the term in square brackets in equations (2.17) and (2.18) is nonzero. As a result,

deviations from target this period are partially carried over to the future so that the policymaker

next period is still responding to this period’s shock. Contrast certainty where g, = 8 and A=1
so the term in square brackets equals zero and 'y, is affected only by the surprise to the

contemporaneous shock.

i Impulse Response Functions and Partial Adjustment

Absent multiplier uncertainty, =1, 8=/, optimal policy in equation (2.11) simplifies
as % =(y" - Y., —.G,)/B . Similarly, absent multiplier uncertainty one can use 1-(4/5) S, =0
in equation (2.18) to find the realized value y, = y" +u, —,T,. Together these can be used to
show that optimal policy responds fully to the expected part of the contemporaneous shock plus
the unexpected part of the previous period’s shock, x; = —((ut_1 - Ut—l)+ tUt)/,B , confirming
the result derived directly in equation (2.4).

What is the impulse response function of x° with respect to an anticipated negative unit
shock? Contemporaneously x° rises by 1/ 3. The following period, both u,_, and . ,T,_, have

changed by one unit, so the effects offset. Thus the impulse response function of policy to an

anticipated shock is a 1/ 8 high spike followed by a zero flat as shown in Figure 1.

What is the impulse response function of x, with respect to an anticipated negative unit

shock when there is multiplier uncertainty? Contemporaneously x, rises by A/ B, from equation
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(2.16). We can read the remainder of the impulse response from equations (2.16) and (2.18); the

impulse response after N periods is
ﬂ, N-1
(. CEY
J

The impulse response function in equation (3.1) is random, but we can usefully evaluate
the path taking expectations with respect to £ . The expected impulse response function to an

anticipated shock, shown in Figure 1,is 2/, (1/B)-(1-2), (xl/ﬁ)o(l—/i)2 , etc. The effect of

policy on y cumulates over time. In the short run, the effect of policy is to offset in expected
value a fraction A of an anticipated shock. As the sum of the expected impulse response

function is ]/,E , In the long run an anticipated shock is fully offset.

So in the static Brainard model, adjustment is contemporaneous but conservative. In the
dynamic model presented here, adjustment persists over time and in the long run there is full

adjustment to the certainty equivalence level.
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Impulse response functions to anticipated shock
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Figure 1

Turn now directly to the question of the classic partial adjustment model. Use repeated

substitution on equation (2.17) to give

Yi—Y :(ytN y H[ ﬂtjj

N-1 ﬂ, n-1 ﬂ,
g[( t- n_B “nten Yo n)H( _Bﬂt—ml—jjj

Suppose that at some point in the distant past the system was in equilibrium; label this

(3.2)

period t =0 so thaty, = y" and the first term in equation (3.2) drops out. Insert a lagged version

of equation (3.2) into equation (2.11) and write
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%{tuﬁf([ tln—unmln)mnmln[ ﬁn( -ﬂtn,Jﬂ(SB)

Since B israndom x is random. Taking the time t expectation over S the expected

path of x is

n=0

{ 3 ([t B+ s (1-2)] 0 ﬂ)”‘“"”‘”)} (3.4

Tb”§)

where Erq(l—i)o =1. Quasi-differencing gives

Xt*e _(1_2')){1 = _i(tUt +[ut—l - t-lUt—l]"' 1l (1—/1)— by (1—/1))
/ (3.5)

or
E (%)= (X4) = A(x —Eis(X1)) (3.6)

which is the classic partial adjustment model (Nerlove 1958).

v Extensions
In this section | consider two extensions to the dynamic specification.
A. Serially correlated shocks without structural persistence

Suppose that the economy lacks structural persistence, y, = #X, +U,, but that the shocks
are serially correlated. If u, is first order serially correlated, as in u, = gu, , +¢,, then

.U, =¢,,U,_, and optimal policy is
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y*_t—lUt—l
X = A
S (4.1)
) y _(¢t—lut—li_[tut _t—lut])

B

X, =4

Noting that the term in square brackets in (4.1) is the surprise in the change in expectations

between time t—1 and time t and therefore uncorrelated with information at time t -1, the

correlation between policies in the two periods is corr (X, X_, ) =¢ . The correlation is

independent of 1. So while shocks are serially correlated and policy is both serially correlated
and cautious, the serial correlation in policy has nothing to do with uncertainty and there is no

gradual adjustment of policy.
B. Stationary dynamics

The static and dynamic models studied in the previous sections nest inside
Yo =0Y, + BX +U, (4.2)

with @ =1 or #=0. Even when there is a unit root in the structural equation, =1, y, is made
stationary by the optimal policy. It is interesting to consider the case in which vy, is stationary

because 6 <1.

For general parameter values for 4 and & the optimal policy includes a nonergodic term

in y". (See appendix available from the author.) Nonetheless, the expected value impulse

response to an anticipated (negative) shock follows 1/, [/1/,[7]-[0(1—/1)] ,

[/1/5]-[49(1—/1)]2 , and so on. Except when dynamics are absent (0 = O) or when uncertainty is
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absent (/1 = 1) , the result of geometric decay of policy response to a shock is general, with the

decay rate 9(1—/1) being more rapid when the persistence in y is less.

. P |
Note that the sum of the impulse response function is =

———— . The long-
F1-0(1-1) e long-run

response equals the certainty equivalent response only if & =1.
\Y Conclusion

In a static framework multiplier uncertainty gives cause to reduce the magnitude of
policy below the certainty equivalence level. In a dynamic framework multiplier uncertainty
gives rise to gradual adjustment. With the stochastic specification used here, the classic partial
adjustment model is optimal and in the long run there is full adjustment to the certainty

equivalence level.

While the derivation of the classic partial adjustment model is tied to the model
specification used here, the idea that gradual adjustment arises from a combination the presence
of multiplier uncertainty and dynamics is quite general. If uncertainty leads to a conservative
policy in period t so that shocks are not fully offset and the variable of interest is not brought
fully to its target, and if the shortfall is propagated forward through time by the dynamics of the
system, then in subsequent periods the policymaker will continue to respond to the gap. In
Henderson and Turnovsky quadratic adjustment costs lead to partial adjustment — a propagation
mechanism on to which multiplier uncertainty piggy-backs to further slow adjustment. In the
model presented in section IVVb above the autoregressive component built into the system
provides the underlying propagation mechanism. Differing dynamic propagation methods and

differing assumptions about the joint statistical distribution of multipliers over time lead to
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differing specifics of optimal policy, but the conclusion that the interaction of dynamics and

uncertainty leads to gradual policy adjustment is quite general.
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Appendix — Not For Publication

Appendix A

Suppose that rather than necessarily containing a unit root process, the specification for

y, Is autoregressive as in
Y, =0y, + 4% +u,0<60<1 (A1)
Equations (2.6) and (2.7) become

X =1 y*_gy'l'_—l_TUT

i (A.2)
Yr — y* = (‘9ny1+ TUT - y*)(l_ﬁﬁTJ-i_(uT - TUT)

The problem in period T —1 becomes

nxwin E% p(((e(eyTZ + P Xt uT—l))+ U — y*)[l_%ﬂT]+(uT —1Up )J (A3)

“\2
+('9ny2 + IBT—le—l U, -y )

Taking first partials w.r.t. x; , we have

_ p(((e(eyT2 Xy U)o O - y*)[l—fﬁ?j*(“T ~rlr )j(‘%” Kl_ﬁﬁ} D (A4)

+(‘9ny2 + fr Xy HUp y*)(ﬂT—l)

Re-arranging (A.4) and using the independence of u and ¢ gives
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X1 E{pgzﬁfl (1_%ﬂTj +'BT21}
2 A 2
+0Y;_, E{PG By [1_FﬁT] +:BT1}
_ A
+ E[UT —1l ] E {pgﬂTl (1_EﬂT ]}
, (A.5)
+E[UT1]E{p02ﬁTl(l_%ﬁTJ +ﬂTl}

+E[TUT]E{p9,BT1(l—%,BT j}

_y* E {peﬁTl (1_%ﬂ1— j + ﬂTl}

By the law of iterated expectations E[u; — U, | = U, — ;U =0. Further

simplifications arise from the facts that E{(l%ﬁ}j } =(1-2) and
E{ﬂfl [1—%@} } = E[,BfJ-EKl—%,BTJ } = (,52 +a§)(l—l). We can re-write (A.5) as

X, {(p02 (1—/1)+1)(ﬁ2 + af,)}
+[0y;_, + HLTH]{(,OGZ (1—/1)+1)B}
+r 40y { POB (1-2)}

Y {pOB(1-2)+ 5}

(A.6)

Setting (A.6) equal to zero and assuming ; ,U; =0 gives
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X, = EM_FA)I_:.M

B B p0*(1-2)+1
. pO(1-2)+1
Y p6*(1-2)+1

(A7)

—=|OYr o+ Ur -

Note that equation (A.7) nests the two special cases given in the text: #=1and ¢ =0.
Unlike the solution given in (2.11) the formula for the optimal policy is not generally ergodic
because of the term multiplying y~. (Although the policy rule is ergodic if any of =0, 6=1,

or A =1 are true. Nonetheless, the expected value impulse response to an anticipated shock
follows -4/, [ -2/ B ]-[0(1-4)], [—i/ﬁ}[@(l—ﬂ)]z , and so on. Thus the result of
geometric decay is general, except when dynamics are absent (6? = 0) or when uncertainty is

absent (1 =1).
As a check, run the problem back one more period. Using (A.7) we have

Yra— y* =0y, ,+tU; — y* + B %

. ,06’(1—/1)+1D

12 —
{ Yrot 14U y p@z(l—/‘t)—kl

oo Ny fody poaeAn )
_9(1 BﬂleyTz y(l BﬁTfl 92(1_/1)+1J

+(uT—l_T—1UT ( _ﬂT—lJT—l T-1

=0Yr ,+Up ;- y* +h (_

= >

Using (A.2) we have
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4

Yo=Y =(0(yr -y )+ 0 —(1-0) y*)(l—ﬁﬂTjﬂuT —0;)

A vl A, PO=A)+L

0(1 BﬂTl]yTz y(l B/BT—I p@z(l—ﬂ)-l-l] (A9)
_|¢ [1-1[;}@ 1)

B +(UT—1_T—1UT—1)+(1_%ﬂT—1jT—1UT—1 ,E ! b

+. 0 —(1-0)y
The problem in period T —2 becomes

min E%[pz(yT - y*)2 +p(Yra- y*)2 +(Yro— y*)z}

which has the first-order condition

Oy «\ OY7_ «\ OYr_
0=E 2 -y ). =T —y). 2T —y ). =2 A.10
|:(,0 (yT y ) o, +p(yT—1 y ) o, +(yT—2 y ) ox j:| ( )
. . A A
It is useful to note that for any fixed o, EKl—Fﬂtj(l—?ﬁta)H =1-4.

Taking expectations term by term gives for the first term

E (pz(yT - y*)-aai]_ =

B y|1-tp PO
9(1 =, (HnyngﬂszXT—zJ“uT*Z) y (1 ﬁﬁpl pgz(l_ﬂ“)_i_lJ

All
+(UT1_T1UT1)+(1_%ﬁT1JTlUTl ( :

+.0 —(1-0)y

G
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which simplifies to

_ 0y 5+ 100 ,) (0% (1~ /1)5)+x”(94(1/1)(52+02))]

YO (0(1-2) B+ (1-0)(1-2) B)

- (A.12)
| A B O 1 D) (B 40
-Y6*(1-2)B
Taking expectation of the second term gives
[ iy
E
_p(yT—l Y) o,
[ A A4 po(l-a)+1
0[1_Eﬁle(9yT3 +ﬁszfoz +UT72)_y [1_FﬂT -1 %]
(A.13)

A
E 74U 1-— g 1ol
(U — 1Oy ) + [ 3 B j u

g

which simplifies to

_ A p9(1—1)+1j |

1 _ .
9[1_?@1)(6’%3 + By X+t p) =Y {1_EﬂTl m

A
= g~ 14U 1-=F4, |14l
7l )[ 5" j )

5 (A.14)
10|1-= T-1 |FT-2
L ( 3" jﬁ J

_92(1_/1)(18(93’T 3t 7ol )+ (ﬂ to ) T- 2)]
-y'(0(1-2) )

Taking expectation of the third term gives
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N,
{(yT =) 0%, j (A.15)

(0% o+ By et 2)=Y ) i

which simplifies to

E[((é’ym + fr %o+ Up 2)_ *)'ﬂT 2]

A.16
:(GyT—3+T—2UT—2_y*)IB (ﬂ +o ) T-2 ( )

Putting the first order condition back together gives

O—pzle4(l_’1)(ﬂ(9yT ol o)+ (BP0 ) . 2)]
-y'0*(1-4)
!02(1 i)(ﬂ(eyT a1l g)t ('B to ) T- 2)]
+p _
(0(1-2)5)

~y)B

+(6y; 5 +ur

(A.17)
+(IB +o ) T-2
Collecting terms gives us

0=(0Yy s+ 1,0, )(p°0" (1-2) B+ p0° (1-2) B+ )

4, (p°0" (1-2)(B* + 0 )+ p&* (1-2)(B* + 0* )+ (B* + o))
—y( “(0@-2)B)+p(0(1-2)F)+ B)

0=(0Yy 5+1,0; ) B(P7°0° (1-2)+ p6® (1-2)+1)

+%_, (B +0°)(p°0" (1-2)+ p0° (1- 1) +1)

V' B(p*(0(1-2))+ p(0(1-2))+1)

(A.18)

Optimal policy is given by
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0=(0Y; 3+ 1,0;_,) B(p°0 (1-2)+ p6 (1-2)+1)
X, (B +0°)(p°60" (1-2)+ 6 (1-2)+1)
-y’ B(p* (0(1-2))+p(0(1-2))+1) (A.19)
A pO(L-2)+po(1-2)+1 j

A «
= —— 0 U. —
X, ,3( yT73+T—2UT72)+IB y (,0294 (l—ﬂ)+p¢92 (1_/1)4_1

It appears that the general solution for optimal policy is

1+(l—ﬂ,)¢9(0+p+p2+---+p1)
14+(1-2)(0+(06) + (67 4+ (00" )

*

y (A.20)

X, =—

-7

SIS

(eyT—r—l + T—TUT—T ) +

SYES

Note that if any of =1, =0, or A =1 are true, then the last factor in equation (A.20) equals

one and the formula reduces to that given earlier in the paper.
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Appendix B
Here is an alternative derivation of the first lemma in the paper.

Lemma: If the shocks u, are i.i.d." then the policy rule is

x[:/i.—y _ytl_tut (B.1)

Proof: By inductionon N =0...T for t=T —N. Equations (2.6) and (2.10) give the

proof for N =0,1. Assume the lemma for N —1 and prove for N .

The general formula for deviations of realized y, from target is

Y-y =(yt1—y*)(1—%ﬂtj+ut —%ﬁnm (B.2)

By repeated substitution (B.2) can be written

Yo~ y :(yt—N - y*)l__[[l_%ﬂt—ij

j=0

N-1 y) n-1 y)
-z i 1-Z "
+Z[(“ /fﬂ““t‘”ut‘”m( 5l n

k
where as a convention H f(r)=1if k<t.

=t

(B.3)

1% Note that the second term in equation (2.10) drops out because LU =0.
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To minimize L, , we need the derivative of /_w.r.t. x_, whichis
* Nil ﬂ/
E (yr -y ),BT_NH(l—Eﬁr_J , Where the expectation is taken at time T — N . Because u, is
j=0

Lid. . U, =0,n< N, so the second term in (B.3) drops out. We can write

aEgT:E{( YenatPnX nt N_y*)ﬂfNH{l_%ﬁrJ}

Xy (B.4)
=X (Ez +O_§)(1_/1)N +(yr—N—l TN UFN - y*) _(1_/1),\‘

Now take the derivative of L, w.r.t. x, .

o LS Sl 1) S IR IRV R BT

Setting the expression in (B.5) equal to zero and noting that variables not involving 7

pass through the summation operator, the optimization problem solves

T

0=x (A" +05)Y p~" (1-2)" (Yo 0 — y*)ﬁipH (1-2)" (B.6)

=t =t

The summation terms in equation (B.6) can be cancelled out. What’s left gives the optimal

policy as specified in equation (B.1), completing the proof.
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Appendix C

The following is the proof that the proposed value function “works.”

The value function is

-y 1 1 - 1 P
V S — O [ P v .ol (1-2) o> C.1
We need to show that
V(5)=minE (Y, -y*) +pE(V (%)) (C2)

is a valid equation. Two useful substitutions are

yt_y*: yt+ﬂtxt+ut_tLTt

=Y, _1_18t +(ut_tl'Tt) (C.3)

Y=Y Tl —Y

I
=<t
[ BN

|
s

Evaluating the forward term gives

-29-



E (V (%) =E [V (Yt {Pﬂt %}(“t - )+ MUMD

1Y a_nelelicgd . ) L, .
2 1_p(1_/1) (1 /1) Et(yt |:1 ﬂtﬁ:|+(ut tut)+t+lut+1J 1 O.u +1 (l ﬂ,) O_u](c4)
. _ 1
m_(l—ﬂ) (yt (l ﬂ,)-i—O' +G)+—l_p g +_ 1 /1 j|

The penalty function is

E(yt-y*fze(y[l—ﬂt%}(ut—mjz

(C.5)
=¥ (1-2)+0o;
Substituting into the original equation gives
V(yt)zn’!(tin%Et(yt—y*)2+pEt(V(yt+1))
1 1 N 1 P
= 1-2)- V¢ : 1-1)-0?
=% (1-4)+0, ) .
1 1 1 Je)
|5 1—p(1—1)[(1 A)-(%: (1-2)+o, +a)+1_p-az+ = (1-2) auzﬂ
multiply through by 2(1 p(l—/l)) and collect terms giving
(1-2) 7+ o2 1L (1- 1)o7
t 1_p 1—/0 a
=(1-p(1-2))(¥5: (1-2)+0a2) (C.7)
o
+,0H(1 ) (yt (1 /1)+U§+Uuz)+1_p Uuz+1_p (1—/1) Ufﬂ
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Now collect terms as in

Each of the three leading coefficients equals zero, proving the equation is valid.
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Appendix D
Miscellaneous bits of math that may prove useful to the reader are collected here.

In section 2, it may help to write out the problem at time T —1 as

p((((yTz + B X% +UT71))+ rUr = y*)(l_%ﬁTj—l_(UT B )] (D.1)

minE

XT

2
+(yT—2 + Syt Y )

2
The proof that E[[l—%ﬁT] ] =(1-2) comes from

{ege M) 3]

—(1-2Y M(LJGT o2 (D.2)

An extra step in writing out the first order condition for the dynamic programming

problem may be helpful.

0=Et((yt+ﬂtxt+ut—tm)ﬂt)wEt[Tll_ﬂ)-(l—ﬂ)-(m+ﬂtxt+ut—tm+mﬁm)-ﬂt)
(1-1) (1-2) ®9
0=E, ((Yt +BX +U, _tut)ﬂt(l"'pm]"'t+1ut+1'18t(pmJ]

In deriving the quasi-difference in section 3 it’s useful to write out the lag
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